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Abstract. Drinfeld Zastava is a certain closure of the moduli space of maps from the 
projective line to the Kashiwara flag scheme of the affine Lie algebra sl n . We introduce 
an affinc, reduced, irreducible, normal quiver variety Z which maps to the Zastava space 
bijectively at the level of complex points. The natural Poisson structure on the Zastava space 
can be described on Z in terms of Hamiltonian reduction of a certain Poisson subvariety of 
the dual space of a (nonsemisimple) Lie algebra. The quantum Hamiltonian reduction of the 
corresponding quotient of its universal enveloping algebra produces a quantization Y of the 
coordinate ring of Z. The same quantization was obtained in the finite (as opposed to the 
affine) case generically in I13| . We prove that, for generic values of quantization parameters, 
Y is a quotient of the affinc Borcl Yangian. 



1. Introduction 

1.1. The moduli space T d of degree d = (do, di, . . . , rf n -i) € N n based maps from the projective 

line to the Kashiwara flag scheme of the affine Lie algebra sl n admits two natural closures: an 
affine singular Drinfeld Zastava space Z-, and a quasiprojective smooth affine Laumon space 
7d (see [TO])- The advantage of Vd lies in its smoothness (in fact, the natural proper morphism 
w : Z- is a semismall resolution of singularities), while the advantage of Z- lies in the 

fact that it makes sense for other simple and affine groups. 

The affine Laumon space Td is the moduli space of torsion free parabolic sheaves on P 1 xP 1 , 
and thus carries a natural Poisson structure. This structure descends to the Drinfeld Zastava 
space Z-. We have a natural problem to quantize this Poisson structure. The main goal of our 
note is a solution of this problem. It was already solved generically (on an open subvariety of 
y° d ) in the finite, i.e. do = (as opposed to the affine) case in [13]. 

To this end we use a quiver construction of 3V This construction follows from an observation 
by A. Okounkov that Vd is a fixed point set component of the cyclic group "L/nL acting on the 
moduli space %R n> d of torsion free sheaves on P 1 x P 1 framed at infinity. The quiver in question 
(a chainsaw quiver) is similar to but different from the A n _i quivers in Nakajima theory. In 
particular, the corresponding quiver variety is not obtained by the Hamiltonian reduction of a 
symplectic vector space. It is obtained by the Hamiltonian reduction of a Poisson subvariety of 
the dual vector space of a (nonsemisimple) Lie algebra ad with its Lie-Kirillov-Kostant bracket. 
The corresponding categorical (as opposed to GIT) quotient 3d is reduced, irreducible, normal, 
and admits a morphism to the Zastava space Z- which is bijective at the level of C-points. We 
conjecture that this morphism is an isomorphism. 

A historical comment is in order. The quiver approach to Laumon moduli spaces goes back 
to S. A. Str0mme j!91; we have learnt of it from A. Marian. For a more recent construction 
of the monopole moduli space y° d in the finite (as opposed to the affine) case via Hamiltonian 
reduction see [7]. In fact, the authors of loc. cit. restrict themselves to a single open coadjoint 
orbit in the Poisson subvariety of the previous paragraph. 

l 
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1.2. Now the ring of functions C[3d] admits a natural quantization y^ as the quantum Hamil- 
tonian reduction of a quotient algebra of the universal enveloping algebra U(ad)- The algebra 
Vrf admits a homomorphism from the Borel subalgebra y of the Yangian of type A n _\ in the 
case of finite Zastava space. We prove that this homomorphism is surjective. In the affine situ- 
ation, there is a 1-parametric deformation of 3d analogous to the Calogero-Moser deformation 
of the Hilbert scheme. This leads to the the 1-parametric family of quantum Zastava spaces, 
Vj. There is also an affine analog of y depending on the complex parameter /3 (we denote 

n 

it V^) in the same way as in [13] . There is a homomorphism y^ — >■ y^ with /3 = ^ + di- 

~ i=i 

We prove that this homomorphism is surjective for /z ^ 0. Moreover, we write down certain 
elements in the kernel of this homomorphism and conjecture that they generate the kernel (as 
a two-sided ideal). These elements are similar to the generators of the kernel of the surjective 
Brundan-Kleshchev homomorphism from their shifted Yangian to a finite TU-algebra of type A. 
In fact, it seems likely that y^ as a filtered algebra is the limit of a sequence of finite lU-algebras 
of type A equipped with the Kazhdan filtration. 

Moreover, the similar quotients of the Borel Yangians for arbitrary simple and affine Lie 
groups are likely to quantize the rings of functions on the corresponding Drinfeld Zastava 
spaces. 

1.3. Our motivation for quantization of Drinfeld Zastava came from the following source. In [9] 
we formulated a conjecture about cquivariant quantum cohomology of the finite Laumon spaces 
(it was proved recently by A. Negut). The corresponding quantum connection identifies with 
the Casimir connection, and its monodromy gives rise to an action of the pure braid group 
on the equivariant cohomology of 3V According to the Bridgcland-Bezrukavnikov-Okounkov 
philosophy, if we transfer this action to the equivariant if -theory via Chern character, then 
it should come from an action of the pure braid group on the equivariant derived category of 
coherent sheaves on 3V 

In the classical case of Nakajima quiver varieties, there are chambers in the space of stability 
conditions for the GIT construction of quiver varieties, and the derived coherent categories 
for the varieties in adjacent chambers are related by Kawamata-type derived equivalences. 
These equivalences generate the action of the pure braid group on the derived category of a 
single quiver variety. Unfortunately, this approach fails in our situation (see sections 15 . 1H5 .4j) : 
although we do have chambers in the space of stability conditions, the Laumon varieties in the 
adjacent chambers too often become singular and just isomorphic (as opposed to birational). 

Another approach was discovered by Bezrukavnikov-Mirkovic in their works on localization 
of g-modules in characteristic p. In our situation it works as follows: if we replace the field C 
of complex numbers by an algebraic closure K of a finite field of characteristic |)>0 1 then the 
quantized algebra y^ acquires a big center, isomorphic to K[3 d ] (Frobenius twist of 3d)- Thus 

^d m ay be viewed as global sections of a sheaf of noncommutative algebras on 3j • A slight 
upgrade of our quantization construction produces a sheaf A x of noncommutative algebras on 
9^ for every stability condition x- I n sections I5.5H5.8I we formulate "standard conjectures" 
about the sheaves of algebras A x . We conjecture that they are all Morita equivalent, and their 
global sections are isomorphic to y^- Moreover, the functor of global sections from the category 
of 7l x -modules to the category of y^-modules is a derived equivalence for \ in certain chambers. 
Thus, for x hi such a chamber (e.g. x = 0)i the composition of this derived equivalence with 
the above Morita equivalences gives rise to an action of the pure braid group on D b (A x -mod). 

Contrary to the Bezrukavnikov-Mirkovic situation, in our case A x is not a sheaf of Azumaya 
algebras (e.g. in the simplest case n = 2, d = (0, 1), we have Td — A 2 , and y^ is the universal 
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enveloping algebra of the Borel subalgebra of sb). However, in the formal neighbourhood of the 
central fiber of vj 

(1) : ^ -> the algebra A x possesses a splitting module M . Tensoring 

with M defines a functor from the category of equivariant coherent sheaves on this formal 
neighbourhood to the category of equivariant ,A x -modules. We conjecture that this functor is 
a full embedding, and the braid group action of the previous paragraph preserves the essential 
image of this functor, thus giving rise to the braid group action on the equivariant derived 
category of coherent sheaves on the formal neighbourhood of the central fiber. 

1.4. Acknowledgments. We are grateful to R. Bezrukavnikov, A. Braverman, B. Feigin, 
V. Ginzburg, A. Molev and V. Vologodsky for useful discussions. During the key stage of 
the preparation of this paper we have benefited from the hospitality and support of the Univer- 
sity of Sydney. Thanks are due to A. Tsymbaliuk for the careful reading of the first draft of this 
note and spotting several mistakes. Both authors were partially supported by the RFBR grant 
09-01-00242 and the Science Foundation of the SU-HSE awards No.T3-62.0 and 10-09-0015. 
L. R. was also partially supported by the RFBR-CNRS grant 10-01-93111 and the Russian 
President's grant MK-281. 2009.1. 

2. A QUIVER APPROACH TO DRINFELD AND LAUMON SPACES 

2.1. Parabolic sheaves. We recall the setup of Section 3 of [TO]. Let C be a smooth projective 
curve of genus zero. We fix a coordinate z on C, and consider the action of C* on C such that 
a(t) = a -1 • t. We have C c = {0c, ooc}- Let X be another smooth projective curve of genus 
zero. We fix a coordinate y on X, and consider the action of C* on X such that c(x) = c _1 ■ x. 
We have X c = {0x,oox}- Let S denote the product surface C x X. Let Doo denote the 
divisor C x oox U ooc x X. Let Do denote the divisor C x Ox- 
Given an n-tuple of nonnegative integers d — (do, . . . , d„_i), we say that a parabolic sheaf 

£F. of degree d is an infinite flag of torsion free coherent sheaves of rank nonS: . . . C J-i C 
?o C Ji C . . . such that: 

(a) Jk+n = ?fc(Do) for any k; 

(b) chi^k) = fe[Do] for any k: the first Chern classes are proportional to the fundamental 
class of Do; 

(c) chziffk) = di for i = k (mod n); 

(d) Jo is locally free at D M and trivialized at D^ : JoId^ = W® Od^; 

(e) For — n < k < the sheaf 3^ is locally free at D^, and the quotient sheaves 
Jk/S^-n, Jo/Jfc (both supported at D = C x Ox C S) are both locally free at the point 
ooc x Ox; moreover, the local sections of Jfc|oo c xx are those sections of Joloocxx = W ® Ox 
which take value in (w\, . . . , w n +k) C W at Ox € X. 

The fine moduli space CP^ of degree d parabolic sheaves exists and is a smooth connected 
quasiprojective variety of dimension 2c?o + • • • + 2d n _x. 

2.2. Parabolic sheaves as orbifold sheaves. We will now introduce a different realization of 
parabolic sheaves. We first learned of this construction from A. Okounkov, though it is already 
present in the work of I. Biswas [TJ, and goes back to M. Narasimhan. Let <r:CxX— >CxX 
denote the map a(z, y) — (z, y n ), and let F = Z/nZ. Then T acts on C x X by multiplying the 
coordinate on X with the n— th roots of unity. More precisely, we choose a generator 7 of T 
which multiplies y by exp( — ). We introduce a decreasing filtration W — W 1 = (wi, . . . , w n ) D 
W 2 = (w 2 ,...,w n )Z) ...DW n = (w n ). 

A parabolic sheaf 3", is completely determined by the flag of sheaves 

Jo(-Do) C J_„+i C ... C Jo, 
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satisfying conditions I2.1l (a-e). For —n < k < we consider a subsheaf 3^ C a*Jk denned as 
follows. Away from the line C x oox the sheaf 3^ coincides with <r*5'/ c ; and the local sections 
of 5/clcxoox are those sections of (7*3^ |cxoo x —W® Ocxoo x which take value in W k+n . 
To 3, we can associate a single T-equivariant torsion free sheaf f on C x X: 

? := £-„+i + ?_„ +2 (C xco x -CxOx) + ... + %((n - 1)(C x co x - C x Ox)). 

Note that ^cxoox = Ocxoo X j an d 31oocxx is a trivial vector bundle, hence its trivializa- 
tion on C x oox canonically extends to a trivialization on Doo. 

The sheaf £F will have to satisfy certain numeric and framing conditions that mimick condi- 
tions 12.11 (b-e) . Conversely, any T-equivariant sheaf J that satisfies those numeric and framing 
conditions will determine a unique parabolic sheaf. More precisely, for d — do + . . . + d„_i, 
let £0T n ,d be the Giesecker moduli space of torsion free sheaves on C x X of rank n and second 
Chern class d, trivialized on (see [TB], section 2). Then we have 2f G 9Jl n ,d- We consider 
the following action of T on W : j(wi) = exp('^ L )wi, I — l,...,n. The action of T on 
C x X together with its action on the trivialization at (via the action on W) gives rise 
to the action of Y on ffl n ,d- We have 3" G 9j£ d . Thus we have constructed an embedding 
Vd ^ di The fixed point set 9Jt^ d has many connected components numbered by 

decompositions d — d + di + . . . + d„_i, and the embedding CP^ 371^ d is an isomorphism 
onto the connected component d . 

The inverse isomorphism takes a T-equivariant torsion free sheaf j to the flag 3^— Do) C 
S'-n+i C ... C 3^0 where for — n < k < we set 3^ := er* 

2.3. A quiver description of Laumon space. According to section 2 of |16j . SEJt n ,<j admits 
the following GIT description. We set V — C d , and we consider M = End(V') © End(y) © 
Hom(W / , V) © Hom(V, W). A typical quadruple in M will be denoted by (A, B,p,q). We set 
L D /Li _1 (0) := {(A,B,p,q) : AB - BA + pq = 0}. We define /i _1 (0) s as the open subset of 
stable quadruples, i.e. those which do not admit proper subspaces V C V stable under A, B 
and containing p(W). The group GL(V) acts naturally on M preserving /z _1 (0); its action on 
^(O) 8 is free, and M n4 is the GIT quotient M" 1 ^)' /GL(V). 

In terms of this quiver realization, the action of Y is described as follows: 7(A,i3,p, q) — 
(A, exp(—)B, exp(— )p, q). Recall that the action of Y on W was desribed in 12.21 for I = 
1, . . . , n, Wi — (wi) is the isotypic component corresponding to the character xi{l) — ex p(^p)- 
Hence the connected component of the fixed point set Td — d admits the following quiver 
description. 

We choose an action of Y on V such that the x;-isotypic component Vi has dimension di (I G 
Z/nZ). Then MJ = {(A h Bi,pi, <7i)/ez/«z} = 

End(V,)© Honu%VUi)© Hom(W i _ 1 ,^)© Rom(V h Wi) : 

zez/nz iez/nz zez/nz iez/nz 



A-2 A-i A At A 2 




W-2 W-l W Wi W 2 



(the chainsaw quiver). 
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Furthermore, fi 1 (0)^ l = {(A/, B u p u qi) leZ/nZ : A t+1 Bi - B t Ai + pi+iqi = \fl}. Moreover, 
jU _1 (0)J r = {{Ai,B h pi,qi) leZ/nZ G M _1 ( )d : there is no proper Z/nZ-graded subspace V.' C V. 
stable under A,, B, and containing p(W,)}. 

Finally, the group ILez/nZ GL(Vi) acts naturally on Mj preserving 1 (0)J ; its action on 
li-\0)f is free, and M nA = M^Wf / Uiez/nZ GW). " 

Remark 2.4. If a point If. 6 Vd — %Rn,d has a representative (At, Bi,pi,qi)i eZ / nZ , 
then 3^ G M,,^ has a representative (A' , B' ,p' ,q') defined as follows. First of all, 
W' = Wo 8 Wi e . . . ffi W n -i, V = Vb. Now A' = A , S' = B„_i5„-2 . . . B±B , p' = 

©0<Kn-l5„-l-B„-2 • • ■ S/p;, g = 0O<i<ri-l<7i-6j_i . . . BiBq. 

Remark 2.5. A. Negut has introduced in [IB] the moduli spaces M' d closely related to Laumon 
moduli spaces. Namely, M! d is defined as the moduli space of flags of locally free sheaves C 
3t C . . . C ^n-i cJ„Cf® Oc such that rk5F fe — k, k — 1, . . . ,n; degjfc = dk, and at ooc 
our flag consists of vector subbundles, and takes value (wi) C (wi, W2) C . . . (wi, . . . , w n -i) C 
W. 

Let us consider the following handsaw quiver Q' 




with relations Ak+iBk — B^A^ + Pk+iQk = 0, k = 1, . . . , n — 1. Let M d stand for the moduli 
scheme of representations of Q' (quiver with relations) such that dim Wo = ... = dimW„_i = 
1, dim 14 = dk, k — 1, . . . , n. Let M^' stand for the open subscheme of stable representations 
of Q 1 formed by all the quadruples (A,,B,,p,,q,) such that there is no proper graded subspace 
V.' C V, stable under A,, B, and containing p,(W,). Let Gd stand for the group IIfc=i GL{Vk) 
acting on naturally. Then the action of Gd on M d ' is free, and the argument of Sections 12.21 
and 12.31 proves that the quotient MJ /Gd is isomorphic to M,' d . 

2.6. A quiver approach to Drinfeld Zastava. We define 3d as the categorical quotient 
M _1 (0)d// ILez/nZ GL(Vi), that is the spectrum of the ring of ILez/nZ Gi(V/)-invariants in 

c\m~Ho)1]. 

Let x = X—i,...,—i stand for the character (gi,. . ■ ,g n ) ^ det(gi) . . . det(<?„) : 
Uiez/nz GL (Vi) ->• C*. Let us denote JJiez/nZ GL (Vi) by Gd for short. 

Let C[/x _1, (0)j] i'* stand for the x r -isotypical component of C[p _1 (0)^] under the action 

of Gd. Then Wl n<i = ^(O) 3 / /Gd = Proj (© r > C^-^O)?] *^) . We have a projective 
morphism 7r : %Rn,d -> 3d- 

Let Z- stand for the Drinfeld Zastava space defined (under the name of 9Jt Q ) in section 4 
of |10j and (for an arbitrary almost simple simply connected group G in place of SL(n) here) 
in [5]. Let w : 7d~>- Z- be the morphism (semismall resolution of singularities) introduced in 
section 5 of [10]. Our next goal is to prove the following 

Theorem 2.7. a) 3d is a reduced irreducible normal scheme. 

b) The morphism w : Vd — > Z— factors as Td 3d Z-, and r] induces a bisection between 
the sets of <C-points. 
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The proof occupies the rest of this section. 

2.8. Examples. We consider three basic examples of Zastava spaces for the groups 
SL(2),SL(3),SL(2). 

2.8.1. SL(2). We take n > 2, d 2 = d 3 = ... = d n -y = d Q = 0, dy = d. We have Vy = 
V = C d , Ai = A e End(V), By = 0, py = p £ V, qy = q £ V* , Gd = GL{V). Thus 
/x _1 (0) = End(V)®V®V*, and 3d = (End(V) © V ^*)//GL(y). By the classical Invariant 
Theory, the ring of GL(F)-invariant functions on End(V) ®V (BV* is freely generated by the 
functions ay, . . . , aa, bo, . . . , bd-y where a m := Tr(A m ), and 6 m := q o A™ o p. Hence 3d — A 2d . 

2.8.2. SL(3). We take n > 3, d 3 = d A = ... = d n -y = d = 0, dy = d 2 = 1. We have 
Vi = C = V2, and hence all our linear operators act between one-dimensional vector spaces, 
and can be written just as numbers. We have nonzero numbers Ay, A%, By,py,p2,qy,q2, & n d 
^ _1 (0) is given by the single equation By(A 2 — Ay) + p 2 qy = 0. The group Gd is just C* x 
C* with coordinates cy,C2- It acts on /^, _1 (0) as follows: (ci,c 2 ) ■ (Ay, A 2 , By,py,p 2 , qy, q 2 ) = 
(Ay, A 2 ,cyc 2 B\,c{ py,c 2 p 2 , cyqy, c 2 q 2 ). The ring of C* x C*-invariant functions on /i _1 (0) 
is generated by the functions by^ := qypy, &2,o := r := q 2 Byp\, Ay, A 2 with a single 
relation 61,0^2,0 + r(A 2 — Ay) = 0. Thus, 3d is the product of the conifold with the afhne line. 

2.8.3. SL(2). We take n = 2, do = dy = 1. We have Vy = C = V 2 , and hence all our 
linear operators act between one-dimensional vector spaces, and can be written just as num- 
bers. We have nonzero numbers Ay, A a , By, B ,pi,p ,qy,q a , and Ai _1 (0) is cut out by two 
equations By(A Q - Ay) + p Q qy = = B (Ay - A Q ) + pyq . The group Gd is just C* x C* 
with coordinates cy,CQ. It acts on /i _1 (0) as follows: (cy,co) ■ (Ay, Aq, By, Bo,py,Po, qy, 9o) = 
(Ay,Ao,cyCQ 1 By,c c^ 1 B ,Ci 1 py,CQ 1 po,cyqy,coqo)- The ring of C* x C*-invariant functions on 
yu _1 (0) is generated by the functions 61,0 := qypy, &o,o : = QoPo, s '■= B By, Ay, A with a 
single relation 61,0^2,0 — s(A 2 — Ay) 2 = 0. 

2.9. Stratification of 3d- Applying the famous Crawley-Boevey's trick we may identify all 
the one-dimensional spaces Wi, and denote the resulting line by Woo. Thus, becomes the 
source of all pi , and the target of all qi, I £ 




The C-points of 3d classify the scmisimple representations of the resulting Ferris wheel quiver 
with relations \i = 0, to be denoted by Q. More precisely, the C-points of 3d classify the semisim- 
ple Q-modulcs of dimension dim = (dim(V;); e z/„z, dim(VF 00 )) : dim(W / 00 ) = 1, dim(V;) = di. 

We start with the classification of simple Q-modules of dimension smaller than or equal 
to dim . First suppose dim(H / 00 ) = 0. Then an irreducible module is either Li(x) for some 
I £ Z/nZ, x £ C, or L(x,y) for some x £ C, y £ C*. Here Li(x) denotes the Q-module with 
Vfc = for k ^ /, and Vi = C, Ai = x. Furthermore, L(x,y) denotes the Q-module with 
V t = C, A t = x VI £ Z/nZ, EUz/nZ B i = V- 
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Now suppose dim(Woo) = 1- Then the irreducibility condition is equivalent to the conjunc- 
tion of stability condition of 12.31 and of costability: there is no proper Z/nZ-graded subspace 
V.' C V, stable under A,,B, and contained in Ker(g,). We will denote the open subset of stable 
and costable Q-modules of dimension (l,df) < (l,d) by A t_1 (0)^' r . According to Chapter 2 

of [16], the open subset 3d' 3 jti -1 (0)^/' /Gg C /« _1 (0)J, r /Gd' = 3V coincides with the moduli 
space of locally free parabolic sheaves, to be denoted by "P° d ,. Thus, the isomorphism classes of 
irreducible Q-modules of dimension (1,(2) are parametrized by 7° d ,. 

We conclude that the set of C-points of 3d is a disjoint union o~f the following strata. We fix 
an n-tuple d < d, a collection of positive integers m±, . . . , m r , and also collections of positive 
integers (m;i , . . . , mi >ri )i£Z/nZ such that for any I we have di = d\ + Yli=i m i + SjLi m ij ■ Then 
the corresponding stratum is formed by the isomorphism classes of semisimple Q-modules of 
type flSeU^i.wr e © /6 z/„z©lLiM^-) 0mi3 where R € 0^„ and all the pairs 
(xj, 2/i)i=i,...,m r are distinct, and for any / all the points xj, j = 1, . . . , mi iTl , are distinct. 

2.10. Dimension of /i _1 (0)J;. We consider the configuration space of Z/nZ-colored points 
A- := (C - oo c ) (do) x ... x (C - ooc)^"- . We denote ^~ x (Q)a by for short. We have a 
morphism T : — > A- sending a quadruple (A,, B,,p t , q t ) to (Spec Aq, . . . , Spec A n -i). 

Proposition 2.11. Every fiber of T has dimension ^2i e %/ n %(df + d;). 

Proof. First we assume that dim(T~ 1 (D)) = X^ez/nz(^ 2 + ^) f° r a colored divisor D 
concentrated at one point (with colored multiplicity). We will derive the general case 
of the proposition from this particular case by induction in d. To this end, if a divisor 
D is a disjoint union of divisors and of degrees d^ and S 2 \ and we know 

dim(r^(D«)) = £ i6 z/„z(K (1) ) 2 + ^ (1) ), dim(T- ( 1 2) ( J D( 2 ))) = £ ;eZ/ „ z ((d| 2) ) 2 + df\ we 
have to derive dim(T _1 (D)) = H/ eZ / nZ (d 2 +di). 

In effect, each space Vi can be split into direct sum Vi = V^(BV^ 2 \ so that the endomorphism 

Ai acquires the block diagonal form A. L = ( ^ l ) i an d Spec A^ 1 ' 2 ^ — D^' 2 \ Note that 



the space of such decompositions Vi = (B is an open subset in the product of two 

Grassmannians and has dimension 2d; dp . Now having written the matrices of (B,,p,,q,) in 
the block form according to our decomposition, the equation \x = takes the form 

I o A^){ B r Br) [ B r bta o a (2) J + U ( ?J^ ; 

_ / A« Bp) -Bf 1 )^ +p« ^ A^Br-B^AP + p^ \ _ / 



In particular, we see that (A^ , S^ U) , , qP ) (resp. (A (2 \ B {22 \p {2 \ q {2) )) lies in M^i, 
(resp. in M d (2j). So by our induction hypothesis, dim{(A, , B. , p^\ q. ) : Spec^ 1 ) = 
= E; eZ /„ Z (K (1) ) 2 + 4% and A\ui{{A {2 \B (22 \p {2 \q {2] ) : SpecA( 2 ) = D^} 



J2iez/n,z(W ) 2 + )• R- ecau that we also have 2d z d\ parameters for the choice of de- 



composition Vi = © V^ 2 \ That already gives us the desired dimension J^iez/nzi^f + ^0 
altogether, and it only remains to prove that the remaining equations have a unique solution in 
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B ( i\BY L> . It follows fr om the fact that, say ^4 J+1 and A\ having disjoint spectra, do not ad- 
mit any nontrivial intertwiners, and hence the linear map Hom(V^ 1 ' ) , V^5j) — > Hom(V^ 1 ' > , V^?\) : 

,-,(21) .(2) ,-,(21) ,-,(21) ,.(1) . . 

B\ ' >->- Al^ x B\ ' - B\ 'A] ' is an isomorphism. 

Since the statement of the proposition is obvious in case Yliez/nZ^ 1 ~ ^> we nave already 
proved the proposition in case D has no multiplicities (off-diagonal case). Moreover, we have 
proved that T _1 (A- — A) is smooth. 

It remains to prove the proposition in the opposite extremal case when D is supported at one 
point. It docs not matter, which point is it, so we may and will assume it is 0. In other words, 
we assume that all the endomorphisms A\ are nilpotent. We follow the method of G. Wilson 
in his proof of Lemma 1.11 of [3T]. Suppose first that both A\ and A; + x are regular nilpotent. 
We choose bases in Vj, Vj+i so that the matrices of Ai, are Jordan blocks, and then we see 
that the matrix of A[ +1 B[ — B[A[ has the following property: for each i = 1, . . . , min(d/, d/+i) 
the sum of all elements in the i-th diagonal (counting from the leftmost lowest corner) is 0. 
Now since Ai + \Bi — BiAi — —pi+iqi has rank 1, all these min(dz, diagonals must vanish 
identically. It imposes the following restriction on the vector p; + i and covector qi written down 
in our bases: the sum of numbers of the last nonzero coordinate of pi+i and the first nonzero 
coordinate of qi is greater than min(d/, di+i). This means that the dimension of the space of 
all possible collections {pi+i,qi) is at most max(d;, d; + i). 

Recall that the dimension of the space of regular nilpotent matrices A\ (resp. Ai + i) is 
df — di (resp. df +1 — d;+i). Furthermore, for given (Ai,Ai+i,pi+i,qi) the dimension of the 
space of solutions of the linear equation Ai+iBi — BiAi = —pi + \qi equals (if it is not empty) 
the dimension of the space of intertwiners Int(j4;, Aj+i), that is min(/c, I). Altogether we obtain 
at most df + df +1 — di — di+i + min(c?;, di+i) + max(d/, d/+i). Summing up over all I we obtain 
at most J2i^z/nz(^f + di) parameters. 

Now we turn to the general case and assume that the Jordan type of a nilpotent matrix Ai is 
given by a partition {dp > Kp >■■•)■ Let (nf^ > idp > . . .) stand for the dual partition. The 

space of all matrices Ai of given type has dimension df — (k^) 2 — ( K 2 ') 2 — We can choose 

some bases in the spaces Vi so that the matrices of At become the direct sums of Jordan blocks, 
and repeat the considerations of two previous paragraphs blockwise. We come to the conclusion 
that the dimension of the space of quadruples ( A, , B m , p m , q m ) such that the Jordan type of Ai is 

> *£> > . . .) is at most £ teI/BZ (d? - {^ f - (4°) 2 — •) + E;I/ N nZ ndnCxf , + 
E;ez/nZ m ax(d;, d;+i). It is not hard to check (by induction in max; (4°)) that this sum is 
at most X)/ez/nz(^ 2 + O n the other hand, the dimension of any irreducible component of 
T _1 (d • 0) cannot be less than X^ez/nz(^ 2 + ^0 smce we have already seen that the generic 
fiber of T has dimension X)zez/nz(^ 2 + ^/)- This completes the proof of the proposition. □ 

Corollary 2.12. is an irreducible reduced complete intersection in AfT. 

Proof. The complete intersection property is clear from the comparison of dimensions. It is 
also clear that dimT _1 (A) < J2iez/nz(df + 2d;), and hence the closure of T _1 (A- — A) is the 
unique irreducible component of M^. Finally, it was shown during the proof of Proposition 12 . 1 ll 
that T _1 (A-— A) is smooth, and in particular, reduced. It follows from Proposition 5.8.5 of [12] 
that Md is reduced. □ 

Remark 2.13. The subscheme T _1 (d- 0) studied in the proof of Proposition 12.111 contains 
the nilcone N^ C M^- In the situation and notations of Example 12.8.11 the nilcone Nd C Md 
is cut out by the equations a\ = . . . = ad = = bo = . . . = bd-i- Equivalently, we require 
both endomorphisms A and A + q o p to be nilpotent. Hence J$d coincides with the mirabolic 
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nilpotent cone introduced by R. Travkin in sections 1.3 and 3.2 of [20] (under the name of Z). 
The beautiful geometry of Nd studied in loc. cit. suggests that Nd might be an interesting 
object in itself. 

2.14. Proof of Theorem I2.7l ah The categorical quotient 3d inherits the properties of being 
reduced and irreducible from M^- To prove the normality of 3d we will use Corollary 7.2 of [5]. 
To this end we will exhibit a normal open subscheme U C 3d such that its complement Y C 3d 
is of codimension 2, and is of codimension 2 in M^- Here VP : — > 3d is the natural 
projection. Note that is Cohen-Macaulay (being a complete intersection), in particular, it 
has property (52)- So all the conditions of loc. cit. will be verified, and it will guarantee the 
normality of 3d- 

To construct U C 3d note that the morphism T : — > A- evidently factors as 3d — > 

A- for a uniquely defined morphism $. We introduce an open subset U C A- formed by all the 
colored configurations where at most 2 points collide. We set U := &~ 1 (U). 

Evidently, the complement A- — U is of codimension 2 in A-, and so the codimension condi- 
tions on U are satisfied. It remains to prove that U is normal. The argument of the first part 
of the proof of Proposition 12.111 shows that after an etale base change in a formal neighbour- 
hood of a point in U (an ordering of distinct points in a configuration in £/), both T _1 (C7) and 
$ (£/) = U decompose into a direct product of a smooth scheme, and a scheme of one of Ex- 
amples [2.8.11 12.8."2l 12.8.31 Namely, Example 12. 8. II occurs if two points of the same color collide; 
Example 12.8.21 occurs if two points of different colors collide, and n > 2; finally, Example 12.8.31 
occurs if two points of different colors collide, and n = 2. Obviously, all the schemes of the 
above Examples are normal. As normality is stable under the etale base change and the formal 
completion, the proof of Theorem 12. 71 a) is complete. □ 

2.15. Proof of Theorem 12.71 b). To prove b), we recall the stratification of Z— introduced 
in section 6.6 of [TO]. It obviously coincides with the stratification of 3d introduced in 12.91 In 
particular, we have a bijection between the sets of C-points of Z— and 3d- Moreover, for a 
C-point s in a stratum of Z-, and the same named corresponding point in the corresponding 
stratum of 3d, the (reduced) fibers 7r _1 (s) C Td ^ ru^ 1 (s) coincide. In effect, they are both 
formed by all the parabolic sheaves with given saturation and defect in terminology of loc. 
cit. Now the existence of n follows from normality of 3d e.g. by the argument in the proof 
of Proposition 2.14 of [4]. Theorem 12.71 is proved. □ 

Conjecture 2.16. The morphism r/ : 3d ~^ Z— is an isomorphism. 

2.17. The character of C[3dJ. Corollary 12.121 gives rise to a formula for the character of 
C[3dJ- Let T stand for the Cartan torus of GL(W) which acts on the basis vector Wk via the 
character tfc, k = 1, . . . , n. Thus T := C* x C* x T acts on Td via the action of the first (resp. 
second) copy of C* on C (resp. on X) via the character v (resp. u), see 12.11 The relation to 
the notations of [3] is as follows: tfc = t\ 1 v = v 2 , u = u 2 . Now the character of C[3d] as a 
T- module is a formal power series in ti, . . . , t„, u, v which is actually a Laurent expansion of a 
rational function to be denoted by Fd- 

To calculate Fd we note that the action of T on C[3d] arises from the following 
action of T on the symmetric algebra C[Mj]. Let us choose a base vi,i, . . . , vi^ t 
in Vi, and denote the corresponding matrix elements of Ai (resp. Bi,pi,qi) by 

(4 y3 )ii|d1 (resp- (p^iKi^, (?f ) )l< i <d I ). Moreover, let us de- 

note by T the Cartan torus of Gd acting on a base vector vn via the character t;^. 
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Then the eigenvalues of the T x T-action on the generators of C[Mj] are as follows: 
The character of the T x T-action on the symmetric algebra C[Mj] equals Sd '■= 

l<i<d t 

l<i,j<di l<j<d l + 1 l<i<d t l<i<d, 

n (i-^tj)- 1 n a-^w+ij)" 1 n (i-u^v^t^r 1 n a-v^r 1 - 

iGZ/nZ leZ/nZ leZ/nZ leZ/nZ 

The space of equations cutting out C Mj has a natural base consisting of the matrix 
elements )i<f<^ !+1 of the matrices Ai + iBi — B[Ai +pi + iqi. The eigenvalue of the TxT- 

action on Ei is u*°' l vtj ) jt££ l •. The (graded) character of the T x T-action on the external 

l<i<dj 
l<j<di + i 

algebra generated by )i<i<^ +1 } equals := JI 0- _ u^-'vtj/tr^ A According to 

iGZ/nZ 

Corollary |2.121 the character of the T x T-action on C[MJ equals S^A^. Finally, the character 
Fd of the T-action on C[3d] = C[M^] G ^ equals (1, SdAdjj where (•, -)j is the scalar product of 
Gd-characters. 

3. Hamiltonian reduction 

3.1. Poisson structure on Laumon and Drinfeld spaces. Recall that CP d C Vd stands for 
the open subset of locally free parabolic sheaves. According to section 5 of [10], V° d is the moduli 
space of based maps of degree d from (C, ooc) to the Kashiwara flag scheme of the affine Lie 
algebra sl(n). According to section 1 of [5], such a moduli space of based maps is defined for 
any Kac- Moody Lie algebra g; let us denote it by 7° d . In case q is a simple Lie algebra, a 
symplectic structure on T° d was constructed in [llj . This construction applies verbatim to 
7° d for any Kac-Moody Lie algebra g, in particular for g = sl(n), and provides V d = 3>2- ^ d 

with a symplectic structure f2, and corresponding Poisson bracket {-,-}k- F. Bottacin [2] has 
generalized this Poisson bracket to the moduli spaces of stable parabolic locally free sheaves on 
arbitrary smooth projective surfaces. 

Lemma 3.2. The Poisson structure {■, -}k ony° d extends uniquely to the same named Poisson 
structure on 7d- 

Proof. The complement Vd — T d is a union of Cartier divisors (see e.g. section 11 of [5J. In 
the etale (a;, y)-coordinates of section 3.3 of [TT], these divisors are just the zero divisors of 
y-coordinates. Now the explicit formula of Proposition 2 of loc. cit. shows that our bracket 
{•, -}k extends regularly through the generic points of these divisors. Since Td is smooth, and 
the bivector field {-,-}k is regular off codimension 2, it is regular everywhere. □ 

Corollary 3.3. The Poisson structure {■, -}k on y° d C 3d extends uniquely to the same named 
Poisson structure on 3d- 

Proof. The (reduced) fibers of the resolution 7r : CP^ — > 3d were already identified with the 
(reduced) fibers of the resolution w : Vd —> Z- in 12.151 The latter fibers are described in 
section 6 of [10], in particular they are connected. Due to normality of 3d, the algebra of 
functions C[3d] coincides with the algebra CpV]. So the Poisson bracket on C[3d] is obtained 
just as global sections of the Poisson bracket on Vd- □ 
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3.4. Separating variables. The Poisson bracket {•, -}k on y° d acquires a very simple form 
in the etale (x, y)-coordinates of section 3.3 of [11]. We recall these coordinates in the 
quiver description of 12.31 We consider an open subset U C y° d C 3d formed by the classes 
of (stable and costable) quadruples (Ai, B%,pi, 5;)/eZ/nZ such that all the endomorphisms 
Ai have simple and disjoint spectra. We order their eigenvalues some way, and denote 
them by (xn, . . . , £/,di)ieZ/nZ- Furthermore, following Example 12.8.11 for r e N we denote 
by bi }T the composition qi o A\ o pi. Moreover, for j G N, we denote by <jj the j-th 
elementary symmetric function (in particular, oq = 1). Finally, for 1 < r < di we define 

Vl,r : = Z) s L"o 1 (™ 1 ) S ^,<i ! -l-sCr s (a;;i, ■ ■ • , »j,r-l, %l,r+l, ■ ■ ■ > x l,di)- 

Proposition 3.5. {xi, r ,x ktS } K = = {yi, r ,Vl,s}K\ {%l,r,yk,s}K = Si k S rs y ktS ; {yi, r ,Vk,s}K = 
Cik xi' r -x'k f or ^ ^ ^> where (cik)k.iez/nZ stands for the Cartan matrix of sl(n). 

Proof. We only have to check that our coordinates xi, r ,y k , s coincide with what is denoted by 
x[ , yf. in [llj , and then to apply Proposition 2 of loc. cit. (whose proof applies verbatim to the 
case g = sl(n)). The matching of xi, r ,yh. s with x^,yf. clearly reduces to the case of SL(2) of 
Example 12.8.11 So to simplify the notations, we denote di by d, and Ai by A, and x^ r by x r , 
and yi yr by y r , and 6; iS by 6 S . Note that the coordinates a m of l2.8.1l are iust a m — x™ + . . ■ + x d n . 

Recall that 3d = Z d naturally identifies with the space of pairs {(P(z),Q(z))} of polynomials 
in z such that deg(P(z)) = d, and the leading coefficient of P(z) is 1, and deg(Q(z)) < d (see 
section 1.2 of [H]). The coordinates x r , 1 < r < d, of loc. cit. are just the roots of P(z), 
while y r = Q(x r ). Evidently, P(z) is nothing else than the characteristic polynomial of the 
endomorphism A, so we can identify x r = x r . Let us redenote y s by y' B to avoid a confusion of 
upper indices with powers. Then it remains to prove that y' g = c s y s for some constant c s . 

Note that C[3d] is bigraded so that deg(a r ) = (0, r), deg(6 s ) = (l,s). This grading arises 
from the action of C* x C* on 3d = Z d . From the point of view of Zastava Z d , the first copy 
of C* is acting on C by "loop rotations" , while the second copy of C* is acting as the Cartan 
torus in SL(2) (corresponding to the decomposition W = (wi) ® (w^)). Thus, if we write 
P(z) = z d + e\z d ~ x + . . . + e<2, Q(z) — faz 11 " 1 + . . . + fd-x, then e r has bidegree (0, r), while f s 
has bidegree (1, s). Hence, up to a multiplicative constant, we have f s = b s + J2i< r <s 4>s,rb s -r 
where 4> s , r is a symmetric degree r polynomial in xi, . . . , Xd- 

Lemma 3.6. Up to a multiplicative constant, we have 

&)y's = Vs; b)f s = b s + J2i< r < s e r b s - r ; = J27Lo b r z- 1 - r . 

Proof, b) and c) are clearly equivalent. Moreover, a) is equivalent to b), i.e. to <p s . r = e r . In 
effect, the equality y' s = y s is equivalent by Lagrange interpolation to 

Q{z) = ^2 Vr H ( Z - x m)(x r ~ Im) _1 = 
l<r<d m^r 



^2 [^2(- i y b d-i-so- s (xi,...,x r ^i,x r+ i,...,xd)\ 

l<r<d \s=0 / m^r 



{z X m )( K X r X rn ^j , 

and hence f s = b s + J2i< r <s e rb s -r- 

To prove a), by unique factorization in the polynomial ring C[xi, . . . , xg, bo, . . . , b^-i] = 
C[xi, . . . , Xd, fo, . . . , /d-i], it suffices to see that y\...yd — cy[ . . . y' d for some constant c, that 
is 

]^[ {j2{-l) S bd-l-sO- s {x 1 ,...,X r - 1 ,X r+1 ,...,Xd)\=cYl \z2^ X r^ S )- 

Kr<d \s=0 / Kr<d \s=0 / 
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Now y[ . . . y' d is an equation (resultant of P(z), Q{z)) of the boundary divisor BZ d := Z d — 7 d 
(defined uniquely up to a multiplicative constant). It remains to prove that y\ . . . ijj is also an 
equation of BZ d C Z d . 

To this end, note that Z d = 3d = /i~ 1 (0) s /GL(d) where ^ _1 (0) s stands for the open subset 
formed by all the stable triples (A,p,q), i.e. such that V has no proper A-invariant subspaces 
containing lm(p). The preimage of BZ d in /i~ 1 (0) 15 consists of stable but noncostable triples 
(A,p, q), i.e. such that V has an A-invariant vector v contained in Ker(g). In case A has a 
simple spectrum {x%, . . . ,Xd} with corresponding eigenvectors {v%, . . . , Vd}, the vector v can 
only be one of {i>i, . . . , Vd}- We have v — v m if and only if the vector (bo, • • • , &d-i) lies in the 
span of the vectors *(1, x r , . . . , xf~ 1 ) r7 t m , i.e. 



dct 



f 1 1 ... 1 1 ... 1 b Q \ 

x\ xi ... a; m -i x m+l ■ ■ ■ %d bi 

,d-l „d-l „d-l _d-l „d-l 



= 0. 



\ X l X 2 ■ ■ ■ X m-1 X m+1 ■ ■ ■ X d °d-l / 

This determinant is obviously divisible by the Vandermonde determinant in the variables 
(xi, . . . , x m -i, x m+ i, . . . , Xd), and the ratio is equal to 

d-l 

*^2(-iybd-l-s<Js(xi, . . . ,X m -i,X m+ i, . ..,Xd)= y m - 

s=0 

We conclude that yi . . . yd is an equation of BZ d C Z d . The lemma is proved along with 
Proposition GT5] D 

3.7. Classical Hamiltonian reduction. 5(2 case. Let V = C d be a finite-dimensional vector 
space. Consider the Lie algebra a := (qI(V) x V) © (fll(^) x V*) (the semidirect product is with 
respect to the tautological action of Ql(V) on V and V*). Let Ql(V)di& g be the diagonal 0[(V) 
inside gl(V) © flt(l^) C a and it : a* flK^OSiag the projection. 

The Drinfeld Zastava space 3d is the categorical quotient (g[(V)©y © V*)/GL(V) and hence 
can be identified with the Hamiltonian reduction a* / /GL(V)di& g — 7r _1 (0)/GL(y)diag- This 
provides a natural Poisson bracket {•, •} on 3d- 

Let us write this explicitly. Let ey, e'^, qi,Pi, where 1 < i,j < d, be the basis of a such that 

(!) [etj,e H } = ^ fe e a - foe,*, [e' ip e' kl ] = 5 jk e' u - S u e' jk , 

( 2 ) [eij, e' fci ] = [eij,p fc ] = [e- j; q fe ] = [p fe , qi] = 0, 

(3) [ey,?fe] = Sjkqi, [e'ipPk] = SkiPj- 

I.e. e^j (resp. e^ -) is the standard basis of the first copy of gl(V) (resp. second copy of Ql(V)) 
and qi,Pi are the bases of V and V* , respectively. 

The coordinate ring of the Hamiltonian reduction 3d = a*//fll(^ / )diag is 

C[3 d ] = C[a*// Q l(V) dias \ = (C[e ii ,eJ i ,« i ,p i ]/(e ii + eJ i )) 8l(VW =C[e ij ,q i ,p i ]^ v \ 
Remark 3.8. One can also treat C[a*//gl(V)di a g] o,s C[e- -, qi,Pi] sl ^ ■ 
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3.9. Calculation of Poisson brackets. According to the classical invariant theory, the alge- 
bra C[3d] = C[e,j, qi,pi] sl ( y ) is generated by the following polynomial invariants 

d r . Tr A ^ ^ e 2iZ2^2*3 • • • ^i r ii j t 1, . . . , cZ; 



t>s '■— (P, A S q) — y ' Pii e iii 2 e i2i3 • ■ ■ e i s is + l < lis+l ! S — 0, . . . , d 1. 

*1,-")»S + 1 

Introduce the following notation: 

(r) 



»lvi*r— 1 



We also set e-^ = 

We will use the following relations: 

Lemma 3.10. 



e {r) e (s) = e {r+s) - 



( 4 ) ^ij ~ °fej 

(5) {e fc i, eg } } = tfjjejjj - ^e^; 

d d 

(6) {e fe; , 4? * } = e ii } q i ; 

j=i t=i j=i 

Proof. Straightforward. □ 
Proposition 3.11. 

(8) {a r ,a s } = 0; 

(9) {»r,& s } = rbr+s-x; 

r-l 

(10) {&r,M = E 6 m 6 r+5 _ m _i. 

m— s 

Proof. The first is obvious. Let us prove the second one: 

(11) KA} = {E4 r fe \Ep4 s) *} = 

k ij 

r 

ST^ (t+s-l) (r-t) (r+s-1) , 

= 2^ 2^ ^ e fej = r 2_, Pi% Qj = rbr+s-1- 

t=l k,i,j ij 

And the third one: 
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(12) {b r ,b s } = {^Pke^qi^pAflj} 

k,l i,j 



EST^ (t+s-l) (r-t) ( m ) (r+s—m-1) 

t—1 k,l,i,j m—0k,l,i,j 

r-1 



□ 



Let xi, . . . , and y\,...,yd be the following etale coordinates on 3^ 



(13) a r = ^x[, ^ = ^(-l) r CT r (xi,...,Xi,...,x d )6 d _i_ r , 

i=l r=0 

where ay stands for the elementary symmetric function of degree r. 

Proposition 3.12. We have {x i} Xj} = = {yi,Uj} and {xi,yj} = Sijyj. 

Proof. {xi,Xj} = is obvious. 

Let t be the Cartan subalgebra of qI(V) generated by en with i = 1, . . . , d. Note that each 
GL(F)-invariant function on qI(V) © V © V* is uniquely determined by its restriction to the 
t-invariant subspace S :— t © V © V* . We have 

Vj\s = Y[(x 3 -x k )p 3 q 3 . 

Hence 

{xi,Vj}\s = ad(dxi)(yj)\ s = ad(e ri )(%| 5 ) = 5i 3 y 3 \s- 

This implies {xi,yj} = S^yj. 
We have 

(14) { yil y,} = 

d-l d-l 
= {^(-l) r cr r (xi, • ■ -,Xi, . . . ,X d )&d-l-r,^(-l) r Cr r (xi, .,X d )b d -l-r} = 

r=0 r=0 
d-l 



(^2(- 1 Y t— <r r (xi, ■ ■ ■ . . .,Xd)bd-i- r )yj- 



dxj 

r=0 J 
d-l „ 

a 



(^(-l) r ^-CT r (xi, . . . ,Xj, . . . ,X d )bd-l- r )yi + 
^^(-l) r+ V r (xi, . ..,Xi,.. . ,Xd)os(xi, . ..,Xj,.. . ,Xd){bd-l-r,bd-l-s}- 



r=0 

d-l d-l 



r=0 s=0 
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Set o r ■= cr r (xi, . . . ,Xi,£j, . . . , Xd)- Applying the equation a r (xi, . . . . . . , Xd) = ay + 

Xj<T r -i, we obtain 



-1 d-l 



r=0 s=0 



d-l d-l 



r=0 s=0 



(15) {VhVj} = ^2^2(-~L) r+S Vr-l(<?s + Xi(T s -l)bd-l-rbd-l-s- 
=0 

d-l d-l 

- ^2^2(-l) r+S (7r-l(<J s + Xj(Ts-l)bd-l-rbd-l-s + 

r=0 s=0 
d-l 

+ ^2 ^2(-l) r+S (<T r + Xj(T r -l)((T s + Xi(J s -i){b d -i- r , bd-l-s} = 

o 

d-2 d-2 

= ^2 ^(-l) r+S (a;i - X^OrOsbd-l-rbd-l-s- 
r=0 s=0 

-^2^2(-l) r+s ((v r + x i a r _ 1 )(<r s +x j cr s _ 1 ) - (ay + x j a r - 1 )(a s +a; i <T s _i)){6 d _i_ r , 6 d _i_ s } 

d-2 d-2 

= ^2 X!^ 1 )^ 8 ^ " X i) a rV S bd-2-rbd-2-s- 
r=0 s=0 
^ d-2 d-2 

~ ^2 ^C -1 )™" 8 ^* - Xj)a r a s ({b d -i-r, b d -2-s} - {bd-2-r, bd-i-s}) = 0. 



d-l d-l 



r—0 s—r 



r=0 s=0 



□ 



Corollary 3.13. {•, •} = {•, -} K on 3d- 



3.14. Classical Hamiltonian reduction. General case. We fix an n-tuple d = (di, . . . , d n ) 
of nonnegative integers. Let Vd = © Vj = © C d ' and Ql(Vd) := © gl dr 

/ — l,...,n /— l,...,n /— l,...,n 

To present Zastava spaces as Hamiltonian reduction, we "triangulate" the chainsaw quiver 
in the following way: 




For a pair of vector spaces V/, VJ+i define the following 2-step nilpotent Lie algebra: 

n(Vt, V l+ i) := Vi V+i © (V/ ®V? +1 ), 

where the space V; <8> is central, [Vj, V{\ = Wt+nW+i] = 0' an ^ v eVi, w v G V5^_ x one 
has [w, w v ] = v (g> u> v . 
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To define the Poisson structure, we attach to each triangle of our graph the following Lie 
algebra 

ai ~ (Qim ® gl(V l+1 )) xn(V h V l+1 ) 
(the semidirect sum is with respect to the tautological action of fll(Vj) on Vi and g[(V/ + i) on 

Consider the Lie algebra 

a A -= ai= (gl(Vi)® S l(Vi +1 ))xn(Vi,Vi +1 ) 

The coadjoint representation of is the space a* d = {(Ai, A[, Bi,pi, <7i)zez/nz}> where 

A ; eEnd(^), ^eEnd(^), B x G Hom(^, V l+1 ), Pl eV h qieV t *. 

Let {ei : ij,e[ ^Jitzz/nZ, i<i,j<d, be the coordinates on the 2 copies of End(Vz), 
{fl,ij}l£Z/nZ, i<i<d t , i<j<d,+i be the coordinates on Rom(V h Vi +1 ), {pi,i}i eZ /nZ, i<i<d, 
be the coordinates on Vi, {qi,i}i£z/nZ, Ki<di be the coordinates on Vj* . Then the Lie-Poisson 
bracket on a d reads 
(16) 

[ e l,il jl 1 e k,i 2 js] — ^kl{5i 2 j i ei_i 1 j 2 — 5i 1 j 2 e l,i 2 ji )j \ e l,ii ji ' e k,i 2 j 2 \ = ^kl{^i 2 j 1 e l t i 1 j 2 ~ °~iij 2 e l,i 2 j 1 ) J 

(17) [ei.iai, 4,i 2 j 2 ] = [ez,ij,Pfe,m] = [e^j, ?fc,m] = 0, 

(18) [ e Mj> 9fc,m] = 5ik8j m qk,i, [^l,ijiPk,m\ = SlkS m iPk,j ■ 

(19) fefe,i:P«] = $l,k+lfk,ij- 

Consider the subvariety Sd C a d defined by the following equations: 

(20) Bi At + A' l+1 Bi + Pl+1 qi =0, I G Z/nZ. 

Proposition 3.15. is ad*(a c i)-iru'arzani (equivalently, the ideal generated by A20\) is a Pois- 
son ideal). 

Proof. Straightforward. □ 

Let 0t(Vi)diag be the diagonal gl(Vi) inside Ql(Vi) ®&l(Vi) C and n : o| ->• 0[(^)dia g be the 
projection. Then the Drinfeld Zastava space 3d is identified with the Hamiltonian reduction 
&dj I © fl'(^)dia g = 7i" _1 (0)/GL(V/)diag- This provides a natural Poisson bracket on 3d- 

We consider the following polynomial invariants 

% r '■= A\ = ei ! i 1 i 2 e; )i2 i 3 . . .ei tiril , r = 1, . . . ? G Z/nZ; 

?i ,. . . . i r 

b l<s := (qi,Afpi) = Pi,i 1 e l,iii2 e l,i 2 i3--- e l,i,i,+-Lll,is+-L, s = 0, . . . , d; - 1, / G Z/nZ. 

ii,— 

We also introduce the following elements: 

i-i 

(21) hi;s k ,..., si ■= (qi,A° l Y[ B m A s ^p k ), k<l, s m G Z> . 
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Lemma 3.16. Let 1 < k < I + 1 < n - 1. TTien {b k i- 
Proof. Straightforward. 



bi+i.r} = bk,l+l; 



□ 



Proposition 3.17. For do = £/ie coordinate ring of 3d is generated (as a Poisson algebra) 
by ai ir , b^ s with I £ Z/nZ, r = 1, . . . , di, s = 0, . . . , di — 1. 

Proof. According to classical invariant theory, the coordinate ring of 3d is generated by the 
elements ai >r and bki- Sk ,...,si- Due to the relation (f20|). one can express via the 

sum of products of az, r 's, 6z jS 's and bjw ; s t ,,o,...,o's. Now it remains to note that &fez ;Sfc ,o,...,o = 
{{■ • • {bk,s k bk+i,o} • • • , &Z-i,o}, hfi}- □ 

Remark 3.18. TTizs is not the case when all of the di 's are nonzero. There are additional 

l-l 

generators of the form Tr( Y[ B m ) r in general. 



Let cm be the coefficients of the Cartan matrix (i.e. Ckk — 2, Ck,k+i = Ck+i,k = — 1, cm = 
for \k-l\ > 1.) 

Proposition 3.19. For n > 3 f/ie following holds: 



Proof. The first two relations, as well as third one for fc = /, follow immediately from Proposi- 
tion [3HTJ Let us prove the third relation for I = k + 1. We have 



m— 



(22) 
(23) 
(24) 
(25) 



{ak,r, a/ :S } = 0; 

{&fc,r+lj &Z,s} — {kfe,r> &Z,s+l} = Cklbk,rh, s ', 

{bk,r 2 ,{bk, ri ,bL S }} + {bk,n,{bk,r 2 ,bi, s }} = for \k - l\ = 1. 




{&fc,r 2 ! {&fc,i"i, &Z,s}} + {&fe,r 2 ! frz,s}} — {&fc,r 2 > &M;n,s} + {bk,n , &fc/;r 2 ,s} — 



T2 — 1 



T2 — 1 



^2 b k,tb, 



'fc^n+rz— t — l,s 



'feZjn+rg— t — l,s 



= o. 



□ 



Let Xi^jDij, where I G Z/nZ, 1 < z < d/, be the following etale coordinates on 3d^ 




i=l r=0 



where ay stands for the elementary symmetric function of degree r. 
Proposition 3.20. We have 

(27) {x k ,i,xi tj } = 0, 

(28) {^fc,i,yz,j} = SkiSijVj, 
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Proof. The first two relations follow immediately from Proposition 13. 121 Let us prove the last 
one. 

Denote by id the Cartan subalgebra of 0l(Vd). Consider the t^-invariant subspace S := 
i* d ® n(Vi,Vi+i)* C a* d . Note that each GL(Vd)-invariant function on a d is uniquely 

~~ leZ/nZ 

determined by its restriction to this subspace. We have 

Vk,i\s = II ( x k,i - x k ^ m )pk,iqk,i and dy k ,i\s = Y\_ ( x ^,i ~ %k,m)Pk,idqk,i + w, 

where to has the form Y^Fij{ x k,m,,Pk,m,qk,m)de %] + J2 Fi(%k,rn,Pk,m, Qk,rn)dpk,i- Hence for I = 
k + 1 we have (since ad(cj) centralizes yij) 

{yk,i,yi,j}\s = 8d(dyk,i)(yi,j)\s = [[(xk,i ~ x k., m )pk,i&&{qk,i){yi,j)\s = 

= ]^[ (Xk,i - x k,m)Pk,ifk,ij Y\_ ( X l,j ~ x l,m)qi,j\s- 

According to (f2T)|) . the latter is 

<li..,l>L, I f \ I _ Vk,iVl,j I 



(x k ,i - X k , m )Pk,i ' J Yl ~~ X l,m)qi,j\s 

□ 

Corollary 3.21. {•, •} = {•, -} K on 3d- 

3.22. Quantum Hamiltonian reduction. SI2 case. The natural quantization 

of the coordinate ring of the space 3d is the quantum Hamiltonian reduction 
)) d := (C/(Q)/[/(a) [(t/) diag ) Bl(y)d '-. 

The algebra ([/(a)/[/(a)g[(V r )diag) Bl ^ dias is generated by the following elements: 

dr := ^ ] ei ± i 2 ei 2 i 3 . . . ei r i 1 , r = 1, . . . , d; 

ii,...,i r 

bs • ^ Pi \ ^i\%2 ^«2«3 ■ • ■ ^isis + i qis+i 5 ^ 0, . . . , (i 1. 

ii,— 

We also set a := d. 

Introduce the following notation: 



(r) 

e 



il,...,»r-l 



We also set e-°' = Sij. 

We will use the following relations: 

Lemma 3.23. 

(30) EW^S*'; 

i 

(31) [e W) c«] = «y tt eW-* fcJ eW; 
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(32) [e«,E«« ) «]=*'E e £ ) W 

(33) [ea ) I E e S ) ^ = EE e £ H "Vr t) - 

j=l t=l J=l 

Proof. Straightforward. 
Proposition 3.24. 

(34) [a r ,a s }=0; 

(35) [ai,b 3 ] = b s ; 

(36) [a r +i, b a ] - [a r , b 3+ i] = b r+s - ^ b r+s - t -ia t ; 

t=o 

(37) [6 r+ i, 6 S ] - [6 r , = Ms + b s b r . 

Proof. The first two relations are obvious. Let us prove the third one. We have 

(38) [a r+1 ,b s ] [a r ,b s+1 ] = [£ ^eg^-] e&, 5>eg +1 ><&] = 

= E E ^4r " VST ^ - E E VSr*' - E 

Now it suffices to check that 

(39) Pi e kj1j e ik = b r+s - Yj b r+s-t-ia t - 

k,i,j t=0 

This is clear for r = 1 . Assume this for r = R and prove for r = R + 1 : 

(40) z^gvr 1 ^ e^sv^= 

E(«) («) (») i x - ^ (a) (fl) ( s ) s 

k,l,i,j k.ij k,l,i,j 

R-1 R 

= -b s a.R + bR+s+i - Yj bR+s-tat = frft+s+i — ^ b R+s - t at 

t=0 t=0 

Finally, let us prove the last relation. We will use the following 

s — 1 s— 1 

Lemma 3.25. £ £ eg - * -1 ^^*, = £ E & m eg~* _1) ^. 

£=0 m,j t= m,j 
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Proof. Induction on s. 

(41) EE^'A 3 

t—0 m,j 

t—0 m,j 

s—l s — t — 1 s—l t 

ST~^ V"^ (t) (a-t-l-u) Y^Y"* ('«-!) (a-i-1) (s-i-l-u) 

i=0 u— 1 mj.k t—0 u—1 m,j,k 

-2^2^ e !m 9me y * + 2^ 2^ 2^ e Jm( e ifc % e mj Qj ~ e mj H e ik Ik)- 

t—0 m.j t—0 u—1 m,j,k 

-VVe (t) o e (s ~* _1 V 
— 2_^ 2-^i G lm ( im^ij <1] 

t=0 m : j 

□ 

Now we are ready to check the relation on b r : 

(42) [b r+ i,b a ] - [b r ,b s+1 ] = [^2pke ( j! l +1) qi,^2p l e ( i fq :j } - [^Pfce^g/, ^Pie|j +1) £,-] = 

r+1 s-1 

Y^ (t+s-1) (r+l-t) V"^ V"^ (t) (s-t-l) 

i— 1 k,l,i,j t—0 k,l,m,i,j 

r s 

t— 1 k,l,i.j t—0 k,l,m,i,j 

s — l s 

k : l,i : j t—0 k,l,rn,i,j t—0 k 7 l,m,i,j 

s-1 s-1 

, , Y^ Y^ (r+1) (*) (s-t-i) . Y^ ( r+1 ) (*) ( s - f -!) , 

t—0 k,l,m,i,j t—0 k^^rriji^j 

s-1 



i Y^ M ( s ) x Y^ Y^ ( r ) (t) ( 



k : l,m,i : j t—0 k,l : m,i,j 



s-1 

t , . (r) (s) Y^ M (t) (s-t-l) 

fc,/,m,2 t—0 k : l,m : i,j 

s-1 s-1 

t—0 k,l : m,i : j t—0 k,l,m,i,j 

According to Lemma T3.251 the latter is 6 s 6 r + frA. 

□ 

3.26. Quantum Hamiltonian reduction. General case. Consider the subspace R in the 
universal enveloping algebra U(ad) consisting of the quadratic elements 
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(43) 

di di + i ^ 

^2 e hmjJ W+X/ /i.n»J e i+l 1 tm+2(P i + 1 .«©,3+*,jPi+l,i)) ' e Z/nZ, i = l,...,di +1 , j = 1, 
m— 1 m— 1 

Proposition 3.27. VFe ftaue [ey, -R] C i? (equivalently, U(ad)R is a two-sided ideal in U(a^)). 
Proof. Straightforward. □ 

The natural quantization of the coordinate ring of the space 3d is the quantum Hamiltonian 

reduction y^ := (U(ad)/U(ad)(R + Ql{Vd)dia.g)) B ^ V ~^ d ' as ■ The ring y^ has a natural filtration 
coming from the PBW filtration on U(ad). 

Proposition 3.28 (PBW property). We have gr y<j = C[3«j]. 

Proof. Clearly, the graded vector space gr y^ is not bigger than C[3d] (i-e. the dimension of 
each component of gr y<j is not greater than that of the corresponding component of C[3d])- 
Let us show that gr y^ is not smaller than C[3d]- 

Let R = gr R C S(<Xd) be the space of quadratic relations (|2"u]) . This space of quadratic 
relations together with at(Vd)dia g C S(<Xd) defines the coordinate ring C[IVy = S(ad)/ S(cid){R + 
fll(V^)diag)- Since is a complete intersection, the Koszul complex S(dd) <8> A*(i? + gl(Vd)diag) 
is a resolution of the S^a^-module S(ad)/S(ad)(R + flf(Kj)diag)- 

Since [-R + f)I(V^)diag, -R + flK^k)dia g ] C (a^ + C)i? + g[(l / d)dia g , there is a resolution of the left 
J7(ad)-module U(ad)/U(ad)(R + 0l(Vd)di ag ), beginning with 

U{ad) <8 A 2 {R + fll(Vd)diag) -> U(cid) ®A\R + 0l(Vd) diag ) -> 

-»• C/(ad) U(ad)/U{ad)(R + 0l(^) diag ) -»• 0, 

which deforms the corresponding segment of the Koszul resolution of S(ad)/S(ad)(R + 
fll(Vd)diag)- The image of U(a£ ® A 2 (R + gl(Vd) d iag) in U(dd) ® A 1 ^ + g[(Fd)dia g ) is 
not smaller (as a filtered vector space) than the image of S(<Xd) <8> A 2 (R + gl(X^)diag) in 
S(cid) ® A 1 (i? + 0l(Vd)diag)) since the differential deforms the Koszul differential. Hence 
gr U(ad)/U(ad)(R + flt(Vd)di ag ) is not smaller than S(a.d)/S(a.d)(R + al(Vd)diag)- Since 
fl[(^d)dia g is reductive, the same holds for g[(Vd)diag-hivariants. Hence gr y^ = C[3d]. □ 

We consider the following elements of y^: 

ai t r :— S ' e l,iii2 e l,i2i3 ■ • ■ e l,i r ii j r = 1; 2, . . . , Z € Z/nZ; 

o;, s := X Pi^i^ei^ . . .ei^ 3 i s+1 qi. is+1 , s = 0, 1, ( £ Z/nZ. 

ii ,...,i s +i 

Proposition 3.29. For o!o = i/ie algebra y<2 is generated by ai lT ,bi }S with I £ Z/nZ, r = 
1, . . . ,04, s = 0, . . . - 1. 

Proof. This follows from Propositions 13.171 and 13.281 □ 
Introduce the following generating series 

oo oo 

(44) o;(u) := 1 - o^ 1 - ^a;, r M~ r_1 , 6;(w) := ^ &i jS tT a-1 

r=l s=0 
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We also consider the elements 

Ks '■= PMi e Ui2 e Uis--- e M,i«+i 9 M«+i> s = 0,...,di-l, IeZ/nZ, 



«1 ,...,J S + 1 



and the corresponding generating series fe|(it) := ^ 



-s-l 



Lemma 3.30. = bi(u + d{). 

Proof. Straightforward. □ 
We also introduce the following elements: 



(45) 

fc < i, s m G Z> . 

Lemma 3.31. Let 1 < k < I + 1 < n - 1. TTierc [&&;«,,,...,«,, &j+i,r] = ^fc,/+i ;Sfe ,..., Sl ,r- 
Proof. Straightforward. □ 
Proposition 3.32. For n > 3 i/ie following holds: 

(46) [afc.r, a*, s ] = 0; 

(47) [afe,i,6j,s] = 4z^, s ; 

r-l 

(48) [dk, r +l, h,s] — [ftfc,ri &i,s+l] = 0~kl(bl,r+s — ^ &i,r+s-t-l&ft,t)j 

t=0 

(49) [6 feiT . + i, 6;, s ] - [6 feiT ., 6/, a +i] = 6fc, r &;, s + b Ls b k ^ r for I = k; 

(50) [bk,r+l,b[J ~ [h,r,Vi,.+i] = -\(hA,s + b'Lsh,r) for I = k + 1; 

(51) [&fc,r 2 > [h,n,h,a]] + [bk,r x , [bk,r 2 ,bi, s ]] = /or |fc - i| = 1. 

Proof. The first four relations follow immediately from Proposition 13.241 Assume that I — k = 
1. Arguing in the same way as in Proposition 13.191 we have [bfe^+ij J — P>fc,r> s +i] = 

-|(&fc,r6{,. + 6j,« 6 fc,r)- 

Now let us prove the last relation. Assume that I — k — 1, n < r 2 . 

[6fe,r 2) &J,s]] + [ofc.rn [bk,r 2 , &2,a]] = [bk,r 2 , bkl;n ,s] + [&fc,ri ,bkl;r 2 ,s] = 

r 2 — l r 2 ~l 
= bh t tbkl;n+r2-t-l,s ~ J]] bf Cl tbkl;r 1 +r 2 -t-l,s = 0. 

□ 
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3.33. Deformation of afflne Zastava spaces. The affine Zastava space admits the following 
nontrivial deformation. Fix a character /i = Mi Try, of the Lie algebra (J) fll(^)diag 

and consider the Hamiltonian reduction of Sd at this character 3^" := 7r_1 (A 1 )/ II GL(Vi)dia,g- 
The following Poisson automorphisms of a d preserve Sd- 

(52) cp Ej! y : Ai i-> A x + uiE, A[^ A[ + v[E, B t i-> i-» pj, ft i-» ft 

with + i/j , 1 = 0. We have Vv,iAji) = (w + dl(yi ~ v i-i)) Try,. Hence the isomorphism 

n 

class of 3^" depends only on := //j. 

~ i=i 

Remark 3.34. For n = 1 this is precisely the Calogero-Moser deformation of the Hilbert 
scheme. 

As in the non-deformed situation, we consider the following polynomial invariants 
a Lr := Ti{Ai - ^-E) r , r=l,...,d h le Z/nZ; 

b hs := (ft, {Ai - ^-E) s Pl ), s = 0, . . . , d t - 1, Z e Z/nZ. 
a/ 

We also introduce the following elements: 

i-i 

(53) 6 fe;;Sfc ,.... S! := (A, - ^-E) s ' TT B m (A m - ^Ef™ Pk ), k < I, s m e Z> . 

m— /c 

The same can be done on the quantum level. We obtain a quantization of deformed affinc 
Zastava spaces y| := (U(<Xd)/U(ad)(R + fll(Vd)dia g - M(0K^k)dia g )) flI(V ~ )d,ag - This algebra also 
depends only on \fi\. The PBW property also holds for ^j: one has gr^ = grC[3j] = C[3dJ. 
The proof is the same as for Proposition 13.281 

Proposition 3.35. For ^ 0, the coordinate ring o/3t is generated (as a Poisson algebra) 
by ai jr , bi s with I £ Z/nZ, r = 1, . . . , di, s = 0, . . . , di — 1. 

Proof. According to classical invariant theory, the coordinate ring of 3d is generated by the 

rn— 1 

elements a;, r , bki;s k ,...,s t and C r;S0) ... lSrn _ 1 := Tr( f] A Sm B m ) for r = 1,2, Due to the 

m=0 

relation (|2H)) . one can express bki- Sk ,...,s t via the sum of products of az jr 's, &z iS 's and &fcz ;Sfc ,Q,...,o's. 

Analogously, OI1G C3.I1 6Xpr6SS Cr;sov") s r»*— l the Sum Of products Of CV;so,Q...,Qj tier's, b[ s ^S 

and &fei ;Sfc ,o,...,o's. 

Consider the filtration on C[3d] by the degree in the coefficients of the Bi's. With 

respect to this filtration, we have 

bu;s k , o,...,o = (sk + l){ak,s k +i,bki;0,o,...,o} + lower terms 

and 

o...,o = {sq + l){ao,s +ij Cr;0,...,o} + lower terms. 
Hence it is sufficient to show that &jW;0,o,...,o and C r; o, o can be expressed via a; )T .,6; jS . 
For Z - fc < n - 2 we have 6 W;0 ,o,...,o ={{••• {&fc,o & fc+i,o} • • • , &i-i,o}, fy,o}- 
We have 

(54) {&0,0> &l,n-l;0,0,...,o} — &0,n-l;0,0,...,0 — &l,n;0,0,...,0- 

Hence each linear combination rrikbk,k+n-i;0,o,...,o with J2 m k — is expressed via ai, r ,bi s . 
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On the other hand, due to the relation (1201) 6o.n-i;0,o o — &i,n:0,o o = 2&o,n-i;0,o o 



n— 1 II 

J2 &fc,fc+n-i ; o,o,...,o + Im|Ci ; o,...,o- Hence for each k, h,k+n-i;0,o,...,o + ■^-Ci ;0 ,...,o is expressed 

fe=2 

via ai ir ,bi }S . 

According to the relation (12TJ1) . we have 

, ImI ImI 

(55) Wl,2 + 0-2 2i &O.n-l;0,0 + ■ = -Cl;0,...,o} = 26o,l;0,0&2,n-l:0,0,...,0 + 2^&2,n+l;0....,0- 

n n 
Hence 6fc,fe+n-i;0,o,...,o and Ci ; o,...,o are expressed via a^ r ,b Ls . 

Now let us proceed by induction. Suppose that 6fc,fc+Ar ; o,o,---,o and C m; o,...,o are expressed via 
a-i.r,bi,s for N < (r — l)n, m < r. For (r — l)n — 1 < I — k < rn — 2 we have &jw ; o,o,...,0 = 
{{■ • • {^fc.o^fe+i.o} ■ • • , &i-i,o}j h,l+m-i,o}- The same arguments as above shows that for each k, 
; o,...,o is expressed via a; jr , 6; iS . According to the relation (|20|) . we have 

(56) {ai j2 + a 2 2 , 6o,rn-i ; o,o 1 ...,o + -= L -C r;0 ,...,o} = 2r— 6 2 , n+ i ; o o + lower terms. 

' n n 

Hence 6/s,fe+m-i;0,o,...,o and C r; o,...,o are expressed via ai <r ,bi tS . □ 

Corollary 3.36. For \fx\ ^ 0, is generated by a(, r ,6; lS irai/i ^ G Z/nZ, r = s = 

0,...,dj-l. 

4. Yangians 

4.1. Yangian of sl„. Let (cfe;)i<fc,;<„_i stand for the Cartan matrix of sl n - The Yangian 
Y(sl n ) is generated by x^ r , hfc jr , 1 < fc < n — 1, r € N, with the following relations (see [15]): 

(57) [h fe>r ,hi )S ] = 0, [hfc,o,x^ a ] = ±c w x^, 

(58) 2[hfc, r+ i,x^ s ] - 2[h fc!r .,x ; ± s+1 ] = ±Cfci(h fejI .x^ s + x^ s hfc >r ), 

(59) [ X fc,r> X iTJ = S kl h k,r+s, 

(60) 2[x± r+1 , x± ] - 2[x± r , x± +1 ] = ±c w (x±.x± + x± x±.), 

(61) [x± r , [x± p , x± ]] + [x± p , [x± r , x± ]] = 0, k = I ± 1, Vp, r, S e N. 

For a formal variable u we introduce the generating series hfc(it) :— 1 + 
S^Lo hfe >r /i _r ti _T ' _1 ; x^(u) := J2^Lo x -kr^ ru r l - We can then rewrite the equa- 
tions (|58I60I) in the following form 

(62) h k (u)xf(v) 2u - 2v l Ckl = xf(„)h*(u) 

2m - 2v ± Cfe/ 

(63) ^M^w S^IIcIr ^W^M 
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We will consider the "Borel subalgebra" y of the Yangian, generated by xjt (u) and hk(u). 
Given a sequence (di, . . . , dn-i), we will use a little bit different generators of the Cartan 
subalgebra of the Yangian, 

(64) A fc (u) := u dk + A^u^- 1 + ... + A k>r u d "^- 1 + ..., 
obtained as the (unique) solution of the functional equation 

(65) hfc(«) = A k (u + ^Akiu - ^Anf^AHi^fH + ^(u - ^ U - d ^ U - d "+\ 

where we take Ao(u) = A„(u) = 1. 

The generators A k (u) satisfy the relations 

66 A k (u)x+(v)- — =x+wA fc u. 

2u - 2v - dki 

Lemma 4.2. Let A k (u) andxf^(u) be the Yangian generating series. Then the series 

A * (w ^ ) 00 

satisfies the following commutator relations 

(67) [a fc ( U ),x+(«)]( W -«) = --^-x+(t;)a fe ( U ), [a fc (u), a,(«)] = 0. 

The series a/- (it), x^~(u) generate y witft i/ie defining relations |6'7| ) ; I6'flj) and I6'J|) . 
Proof. For fc ^ Z the relation is obvious, for k = I we have 

a*(ti)x£(«) { f • — -\ -f = x+(«)a fe (u). 

u - 5 - u — 5 w+i — W + i 

therefore 

(/it 

a k (u)x+(v) _ - = x+(«)a fe (u). 

One can inductively express A k ^ r via a k , s with s < r + 1, hence y is generated by afc(tt) and 
Xj + (m). On the other hand, the quotient of C[a k ^ r ]^ 1 -y + by the relation (|S7| is Cfa^,,]^ ®y+ 
as a filtered vector space. Hence the assertion. □ 

4.3. Classical limit of the Yangian. Introduce a filtration on y by setting deghj, r = 
degx^, r = r + 1. Then the associated graded algebra of y with respect to this filtration is 
a commutative algebra with a Poisson bracket, generated (as a Poisson algebra) by A^, x^" r , 
subject to the relations: 

(68) {A k (u),A l (v)}=0; 

(69) {A fc ( M ),x+( V )} = -^A( U )x+(t,) ; 

u — u 

(70) {x+( U ),x+( V )} = -^ x +( M )x»; 

u — V 

(71) {x+ r ,{x+ p ,x+}} + {x+ p ,{x+ r ,x+}} = 0, k = l±l, Vp,r,»eN. 
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4.4. Affine Yangian. As for the finite case, we will consider the "afHne Borel Yangian" . This 
is an associative algebra y^ depending on j5 £ C, generated by the series 

oo 

(72) x+(u):==l + 5^x jfc , r u- r - 1 , 



(73) A fc («) :=u dk +J2^k, r u dk - r -\ 

r=0 

with k £ Z subject to the relations 

(74) A k+n (u) = A k (u + l3) 7 x+ + »=x+( W + /3); 

(75) ^w^ irziT - 

ZU — ZV ± Ckl 

where (c k i ) stands for the Cartan matrix of ; 

(76) A k (u) X nv) l U ~l V + 6 ; 1 = *t(v)A k (u). 

ZU — ZV — k l 

(77) [x± r> [x± p , x± ]] + [x± p , [x± r , x± ]] = 0, k = I ± 1, Vp, r, a e N. 

Remark 4.5. The algebra y^ does not depend on d: one can multiply the generating se- 
ries A k (u) by any Laurent series F^u' 1 ) with constant coefficients (with the only condition 
F k+n (u) — F k {u + /?)), and the relations remain the same. 

Remark 4.6. The algebra ^ is not a Borel subalgebra of the affine Yangian Yp of type A„_i 
from [T3]. It is related to the Langlands dual of the s[„ . 



Lemma 14721 is also true for the affine Yangian, and the proof is the same. 
4.7. Yangian and finite Zastava spaces, sh, case. 

Proposition 4.8. The algebra ]$d is a quotient of the Borel Yangian y o/sb by the relations 
A r = for r > d. 

Proof. Consider the following generating series of the quantized coordinate ring y^ of the Zas- 
tava space 



b(u) = b r u r 1 and a(u) = 1 — du 1 — a r 

r— r—1 

According to Proposition 13 . 241 we have 

(78) [&(«), b(v)} = —^—(b(u)b(v) + b(v)b(u)), 

u — v 

(79) [a(u),x + (v)](u -v) = —x + (v)a(u). 

u — v 

Hence there is an epimorphism ifd : y —> sending a(u) to a(u) and x + (w) to b(u). Thus 

is a quotient of y. 

Let 

(80) D{u) =u d + DqU 4 ' 1 + D lU d - 2 + ... + D d -i 
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be the Capelli determinant of the matrix (e,j) (see [15] . (7.5)). According to the Newton 
identity (see Theorem 7.1.3 of [15]), we have 

(81) a(w) = 



D(-u + d- 1) 



This means that <£>d(A(u)) = D(—u + d — |). In particular, (^(A,.) = for r > d. 

To prove that y^ is a quotient of y by the relations A r = for r > d it suffices to show this 
in quasiclassical limit. Namely, we have to show that the coordinate ring C[3d] is a quotient 
of the classical limit of the Yangian by the Poisson ideal generated by A r for r > d. The ring 
C[3d] is generated by the coefficients of the characteristic polynomial of the matrix A, which 
are the D r 's, and by the & r 's with the defining relations 



D r = for r > d 



and 



d-l 



& s _ r _i_D r = for s > d. 



r=0 



d-l 

We have {A r ,x+_ d } = — x+ + (~l) rx ^-r-i-A-r, hence the second relation also belongs to 

r=0 

the Poisson ideal generated by A r for r > d. Hence the assertion. □ 

4.9. Yangian and finite Zastava spaces. General case. The quantized coordinate ring of 
the Zastava space is generated by the coefficients of ak(u) and bi(u) (or b[[u) — bi(u + di)) 
for < k, I < n. According to Proposition 13.321 we have 

(82) MulbKv)} = -*±-( bk (uMv) + b' l (v)b k (u)), 

2{u — v) 

(83) [a k (u),bi(v)](u - v) = bi(v)a k (u). 

u — V 

Proposition 4.10. The algebra y^ is a quotient of the Borel Yangian y of sl n by some ideal 
containing A kjr = for r > d k . 

k 

Proof. There is a homomorphism tpd : y —> y^ sending a k (u ~ ^2 d m ) to a k {u) and x^(u — 

m—l 

I 

d m ) to bi(u). The rest of the proof is the same as for the case. □ 

m—l 

Conjecture 4.11. y^ = V/{A feiT . | r > d k }. 

4.12. Affine Yangian and (deformed) affine Zastava. 

^ n 

Proposition 4.13. For \fi\ ^ 0, the algebra ^ is a quotient o/y^ (with (3 — Yu(di+ Hi)) by 

~ ~ i=i 

some ideal containing A k ^ r — for r > d k . 

Proof. The same as for Proposition 14. 101 □ 
Conjecture 4.14. For |//| ^ 0, we have yf" = ^p/{A-k,r \ t > dk}. 
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5. Speculations on quantization of Laumon spaces in finite characteristic 

For finite Laumon spaces 7d, do — 0, a conjecture about quantum cohomology was formu- 
lated in [5] (Conjecture 4.8 and Corollary 4.10), and proved recently by A. Negut. It follows 
that the monodromy of the quantum connection gives rise to an action of the pure braid group 
on the cohomology of 3V According to Bridgeland-Bezrukavnikov-Okounkov philosophy, if we 
transfer this action to the K-theory (via Chern character), then it should come from an action 
of the pure braid group on the derived coherent category of 5V In this section we discuss 
various possibilities to construct an action of the pure braid group on the equivariant derived 
category of coherent sheaves on CP^. 

5.1. Variation of stability conditions. We consider a vector C = (0)iez/nZ with inte- 
gral coordinates. Let \ '■= Tiiez/nZ det; - ''' stand for the corresponding character of Gd- Let 
C[AfJ] x (r E N) stand for the x r -isotypic subspace of C[Mj]. Let y d stand for the projective 
spectrum of the graded algebra reN C[Mj]x r . In particular, y^ -1 '---' -1 ) — According to 
the GIT, 7 d is the moduli space of S'-equivalence classes of C-semistable Q-modules. We recall 
the required notions following [17] . 

A module (V,, A, , B, , p, , q, ) over the the chainsaw quiver is called C-semistable if 

(a) for subspaces V.' C V, such that Bi(V{) C V/ +1 and Ai(V{) C V{ , and Kerq; D V{ we have 
(CidimV.') < 0. Here (•, •) stands for the standard scalar product, i.e. the sum of products of 
coordinates. 

(b) for subspaces V.' C V, such that Bi{V{) C V{ +1 and Ai(V{) C V{ , and Imp; C V{ we have 
(CcodimV.') > 0. 

We say that a module (V., A,, B,,p,, q m ) is C-stable if the above inequalities are strict unless 
VI = in (a), and V.' = V, in (b). If C and C' are proportional, the stability conditions coincide, 
so in the definition of stability we may take the vectors C with rational coordinates. 

Let us reformulate these conditions in a slightly different way. We set Coo := —((,d), and 
C := (C, Coo) (an n + 1-dimensional vector). Recall that the line Woo is also a part of data of a 
Q- module, and now we allow to vary the dimension of Woo (i n particular, we allow Woo = 0), 
i.e. we consider the abelian category of Q-modules. Accordingly, we introduce the enhanced 
dimension d = (d,doo) '■= (d, dim Woo)- In case Woo = we assume (C,^} = 0. Given a Q- 
module Y with dimlVoo < 1, and a Q-submodule Y' C V of enhanced dimension d' (where the 
last coordinate is either or 1) we define the slope by 9q{Y') := — ^^ygn ■ We say that a Q- 

module Y is C-semistable if for any nonzero Q-submodule Y' C Y we have 0^(Y') < 0q(Y). We 
say that Y is C-stable, if the above inequality is strict unless Y' = Y, Note that for dim Woo = 1 
the definition of the present paragraph is equivalent to the definition of the previous paragraph. 

Finally, we say that two Q-modules are S- equivalent, if their Jordan-Holder filtrations have 
the same composition factors. 

5.2. Walls. Given 1,1' E Z/nZ, let [1,1'] C Z/nZ stand for the interval between I and I' (1,1' 
included) in the natural cyclic order. Also, given < I < I' < n, let [I, I'] stand for the set 
{1,1 + 1, . . . , V - 1,1'}. We say that a hyperplane H hV := {C : T,ke{l,l>] Cfe = 0} C Q z/nZ is an 
affine wall; and also a hyperplane H :— {( : X)z/nzCz = 0} c Q z ^" z is an affine wall. In case 
do = 0, the coordinate Co is irrelevant, and the space of stability conditions is just Q n_1 . Given 
< I < I' < n, we say that a hyperplane Hu> := {C : J2ke[i v] Cfe — 0} C Q" -1 is a finite wall. 

Proposition 5.3. (a) If ( £ Q z / nZ does not lie on an affine wall, (^-stability is equivalent to 
Q-semistability; 



QUANTIZATION OF DRINFELD ZASTAVA 



29 



(b) If do = 0, and ( 6 Q n 1 does not lie on a finite wall, (-stability is equivalent to (- 
semistability. 

Proof. Given a (-semistable Q-module Y we consider its Harder-Narasimhan filtration with 
(■-stable factors. If Y is not (-stable, there are at least 2 factors, and at least one of them has 
doo = 0. Thus it suffices to check that when ( does not lie on a wall, then there are no (-stable 
Q-modules with dec = 0, i.e. Woo = 0. 

So we suppose Y is a (-stable Q-modulc with Woo = 0. By a standard argument, Y docs 
not have nonscalar endomorphisms. However, the collection (A,) is an endomorphism of Y. In 
effect, since Woo = 0, we have p, = = q m , and hence the relation in Q reads Ai+xBi — BiAi = 
0, i.e. the operators B, intertwine the endomorphisms A,. We conclude that A\ — cldy, 
for some constant c. Subtracting cldy; we may and will assume A\ = 0, and thus we deal 
just with a representation of the cyclic quiver. Moreover, the collection (B1-1B1-2 ■ • ■ -Bj+i-Bi) 
is an endomorphism of Y, and hence B;_i_B;_2 . . . Bi+xBi = cldy,- In case c / 0, we get 
Y ~ L(0, c)® d in notations of 12.91 Being indecomposable, Y is isomorphic to L(0,c). In case 
c = 0, according to the well known classification of nilpotent representations of a cyclic quiver, 
an indecomposable Y must be of the form Yum. Here Vjz,/'] has Vfc = C for k G [M'L an d 
T4 = otherwise; furthermore, Bk is an isomorphism for V ^ k € [1,1'], and = 0. Finally, if 
da = 0, only Yum with < I < V < n occur. 

It remains to classify the stability conditions ( for which L(0,c) or Ynm are stable. For 
irreducible L(0, c) any ( on the wall H := {( : J2z/nZ Cz = 0} C Q z /" z works, and no other 
( works. For Yum any submodule is of the form IWj'i for I < I" < V in the cyclic order. It 
follows that Y [m is (-stable iff Q + Ci+i + ■ ■ ■ + Cl'-l + &' = 0, and (; + Ci+i + ■ ■ ■ + Cl" > for 
any I < I" < I' in the cyclic order. This completes the proof of the proposition. □ 

5.4. Smoothness. For a (-stable Q-module Y the stabilizer of Y in Gd is trivial by the stan- 
dard argument we have used already: the stable modules do not admit nonscalar endomor- 
phisms. Recall that we have a morphism fi : — y ®; gZ /„ z Hom(^, Vj + i), (A., B,,p,, q,) i-> 
(Ai + iBi — BiAi + pi+iqi)i£z/ n z, and = /i _1 (0). In the theory of Nakajima quiver varieties, 
the moduli space of (-stable quiver representations is smooth because the differential of the 
moment map is surjective. In our situation this is no longer true as the following example 
shows. 

We identify the tangent space to the vector space at Y — (A,, B,,p,,q m ) with Mj, we 
also identify the tangent space to the vector space © ;eZ /„ z Hom(V/, Vj+i) at fi(Y) with this vec- 
tor space, and write down the formula for the differential dfj,(Y) as follows: dfi(A' a , B' t ,p' t , q' t ) = 
(A' l+1 Bi+ Ai + xB[ — BiA[~ BlAi+p'^qi+pi+xqDicz/ni. The differential d[i(Y) is not surjective 
iff there exists nonzero (Ci £ Hom(V;, Vz_i)); eZ /„ z orthogonal to the image of d/j, with respect 
to the pairing given by the trace of the product. Equivalently, CiA\ — A\-\Ci — 0, Bi^\Ci = 
Ci+iBi = 0, qi-iQ = 0, Cm = for any I. 

Now let us recall the setup of Example 12.8.21 and take the stability condition ( = ((1,(2) = 
(—1, 2) lying off the walls. We take Ax = A 2 = p\ = q2 = 1, Bx = P2 = qi = 0. It is immediate 
to check that Y is (-stable but on the other hand C2 = 1 satisfies the above conditions. Hence 
the moduli space 7\ l of (-stable (equivalently, (-semistable) Q-modules is nonsmooth. In 
fact, it is easy to check that CP-j^ 1 ' ' — >3i,i- 

5.5. Localization in characteristic p. From now on we assume that the base field is K := ¥ p , 
an algebraic closure of a finite field of characteristic p ^> 0. We will use the notations and results 
of section 3 of [6]. For any algebraic variety X over K we denote by its Frobenius twist, 
and we denote by Fr : X —> X^ the Frobenius morphism. For a connected linear algebraic 
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group A over K we have an exact sequence of groups 1 — >• A\ — >• A — -> A^ — > 1 where Ai 
stands for the Frobenius kernel. The Lie algebra a of A is equipped with a natural structure 
of p-Lie algebra, and its universal enveloping algebra U(a) contains the p-center 3(d)- We 
denote by X*(o) the lattice of characters of o of the type \ — dlog/ where / : A — >• G m 
is an algebraic character of A. For such a character \ we denote by I x the kernel of the 
corresponding homomorphism U(a) — > K. We set I x := I x n 3(a), a maximal ideal of 3(a). 
Note that I x l) = (see [6] (3.2.4) and 3.3). We denote by u(o) the quotient of U(a) by the 
two-sided ideal generated by I x = I^K The image of I x in u(o) is denoted by i x C u(a). 
Now we take A = Gd = Eljez/nZ G_L(V;), and we denote its Lie algebra by Qd- We have 

(notations of (03]) and (|2"0])1 i?l~l3(a) ~ K[5^]. Thus we may localize the (i?n3(a))-module R 
to and view it as a sheaf of algebras 3tj^. We have the moment map : S d — > [a^ 1 -*. 

The quotient := ^^/(^d ' ) i s J ust tne restriction of 31^ to the scheme-theoretic 

zero-fiber of the moment map (and is independent of x G ^*(dd))- This zero-fiber is nothing 
else than M^. We consider £ x := (^/^ ■ i*) 6 -' 1 : a G^'-equivariant sheaf on M^. 

We restrict £ x to the open subset M^ 1 -*' 8 C M^ 1 -* of stable points. The action of G?' on 
Mv' 8 is free; the projection pr : Mv'' s — > is a Gj -torsor. We set 

(84) A x := pr,{£ x \ u w,.fi , and put A x := r(of U x ). 

Given another character ip G X*(g^) we consider the G^-equivariant sheaf 
x £^ := Hom^w (ttg. • i*, ' on We set 

(85) x yi v ,:=pr,( x £ V; | M ( 1) , s ) ( ' / '- x) 

where the superscipt (ip — x) stands for the (if) — x) _w eight component. This is an A x A^-- 
bimodule. 

Conjecture 5.6. (a) The canonical algebra morphism S x : — > A x = r(J > ^ 1 ',^l x ) is an 
algebra isomorphism. 

(b) The algebra ^d has finite homological dimension. 

(c) The functor of global sections RT(7^ , ?) from the bounded derived category D b (A x — 
Mod) of A x -modules to the bounded derived category D b (A x — Mod) of A x -modules is an equiv- 
alence of categories for y = 0. 

(d) The bimodules x £^, give rise to the Morita equivalences X E^ : A x — Mod — >A^, — Mod. 

Let us say that X S X*(fld) is regular if the functor RT(9^\l) : D b (A x - Mod) -)• D b (A x - 
Mod) is an equivalence of categories. Thus for regular x we get an equivalence of categories 
D b (A x — Mod)^^-D b Cdd — Mod). Composing it with the Morita equivalences X E^ for other 
regular characters ip, we obtain the self-equivalences x e^ : D b (^d — Mod)-^-D b ( [ jd — Mod). 
We conjecture that they generate an action of the pure (affine) braid group on D b (^d — Mod). 

5.7. Splitting module. Let us denote by y° the "Cartan" subalgebra of )$d generated by 
{a^ r , I 6 TLjnL, r > 0}, and let us denote by the "nilpotent" subalgebra of ^d generated 
by {°i,r, I G Z/nZ, r > 0}. We define the p-center 3(^d) as the Hamiltonian reduction of 
the p-center of U(ad) inside ^d- We have 3(Vd) — K[3 d ^] (it is just the coordinate ring of 
the Frobenius twist of the classical Hamiltonian reduction 3d)- There are also the "Cartan" 



QUANTIZATION OF DRINFELD ZASTAVA 



31 



subalgebra 30k) ■= 3(Vd) n % and the "nilpotent" subalgebra 3^d) + ■= 3(Vd) n inside 
this p-center. Clearly, 3(^d) — K[A-'W] (regular functions on the Frobenius twist of A-). 
We denote by 3(^d)° the completion of 3(Vd)° — KfA-'W] at the maximal ideal of the point 
6 A^ 1 ). We set" 

(86) M := 3(%f ® 3( ^)o 3(Vd) ® 3 (^+ ^ 

and we conjecture that the regular action of the algebra 3(^d) ®^ 011 M extends to the 
action of ]$d} the completion of y^ at the maximal ideal of 3(^d) a - Moreover, we conjecture 
that the action of TW = x G$ x G$ on 3(Vd) - K[3^] extends to an action of TW 
(i.e. a grading) on M, and on y^. 

5.8. Coherent sheaves. Let x G X*(gd) be a regular character. We conjecture that the equiv- 
alence RT(7^\?) : D b (A x -Mod)^D b (^d-Mod) of Conjecture EH extends to D b T(1) (A x - 
Mod)^H»Z? T(1) (y^ — Mod) where A x — Mod stands for the category of .A x -modules supported 
set-theoretically over e A^'W. Thus we obtain the self-equivalences x e^ : £)^, (1) — 
Mod)^D^ (1) (yd - Mod). Let us denote by M x an ^-module such that RT('J > ^\m x ) = M 
(the localization of M). We have a tensor product functor 

(87) t : Cobra) -> Coh T(1) (l x ), J ^ M x ® (1) 5 

where Coh T a) (3^) stands for the category of coherent sheaves on supported 
set-theoretically over £ A-'W. We conjecture that r is a full embedding onto the minimal 
Serre subcategory containing M x . Moreover, the composition iZTpPy',?) o r is a full 

embedding T : D b Coh T a) (3^) — > ^ T a) 0^ — Mod). Finally, we expect that the essential 
image of T is independent of the regular character \ an d is invariant under the equivalences 
x e^. All in all we obtain the desired action of the pure braid group on D b Coh T a> (3j ) 
generated by the equivalences x £ip. 
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